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MHD. The discussion considers the implementation of a stabilized FE formulation in con-
text of a fully-implicit time integration and direct-to-steady-state solution capability. The
nonlinear solver strategy employs Newton-Krylov methods, which are preconditioned
using fully-coupled algebraic multilevel preconditioners. These preconditioners are shown

Ié?s/ :::i:/deS:l\/[HD to enable a robust, scalable and efficient solution approach for the large-scale sparse linear
Fully-implicit systems generated by the Newton linearization. Verification results demonstrate the
Direct-to-steady-state expected order-of-accuracy for the stabilized FE discretization. The approach is tested on
Newton-Krylov a variety of prototype problems, including both low-Lundquist number (e.g., an MHD Far-
Multilevel preconditioner aday conduction pump and a hydromagnetic Rayleigh-Bernard linear stability calculation)
Large-scale parallel and moderately-high Lundquist number (magnetic island coalescence problem) examples.
Stabilized finite element Initial results that explore the scaling of the solution methods are presented on up to 4096

processors for problems with up to 64M unknowns on a CrayXT3/4. Additionally, a large-
scale proof-of-capability calculation for 1 billion unknowns for the MHD Faraday pump
problem on 24,000 cores is presented.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

The magnetohydrodynamics (MHD) model describes the dynamics of charged fluids in the presence of electromagnetic
fields. MHD models are used to describe important phenomena in the natural world (e.g., solar flares, astrophysical magnetic
field generation, Earth’s magnetosphere interaction with the solar wind) and in technological applications (e.g., spacecraft
propulsion, magnetically confined plasma for fusion energy devices such as tokamak reactors, and plasma dynamics in
pulsed reactors such as Z-pinch devices) [1]. The mathematical basis for the continuum modeling of these systems is the
solution of the governing partial differential equations (PDEs) describing conservation of mass, momentum, and energy, aug-
mented by Maxwell’s equations for the electric and magnetic field. This system of PDEs is non-self adjoint, strongly coupled,
highly nonlinear, and characterized by multiple physical phenomena that span a very large range of length- and time-scales.
These interacting, nonlinear multiple time-scale physical mechanisms can balance to produce steady-state behavior, nearly
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balance to evolve a solution on a dynamical time-scale that is long relative to the component time-scales, or can be
dominated by just a few fast modes. These characteristics make the scalable, robust, accurate, and efficient computational
solution of these systems over relevant dynamical time-scales of interest (or to-steady-state solutions) extremely
challenging.

For multiple-time-scale systems, fully-implicit methods can be an attractive choice that can often provide uncondition-
ally-stable time integration techniques [2]. The stability of these methods, however, comes at a cost, as these techniques gen-
erate large and highly nonlinear sparse systems of equations that must be solved at each time step. In the context of MHD,
the dominant computational solution strategy has been the use of explicit [3-6] and partially implicit methods that include
implicit-explicit [7-11], semi-implicit [12-15], and operator splitting [16,17] time integration methods. With the exception
of fully-explicit strategies, which are limited by stability restrictions to follow the fastest component time-scale, all these
temporal integration methods include some implicitness to enable a more efficient solution of MHD systems. Such implic-
itness is aimed at removing one or more sources of numerical stiffness in the problem, either from parabolic diffusion or
from fast wave phenomena. While these types of techniques currently form the basis for most production-level resistive
MHD simulation tools (see e.g. [15,10,18]), a number of outstanding numerical and computational issues remain. These in-
clude conditional stability limits, operator splitting-type errors, and limitations in the temporal order-of-accuracy [13,14,19].

Recently, considerable progress has been made in the development of fully-implicit formulations that attempt to robustly
and accurately integrate these systems while following the dynamical time-scales of interest [16,20,8,7,21-26]. In [16] for
example, a nonlinear implicit MHD solver is proposed based on an implicit operator split (I0S) approach. The IOS algorithm
employs Krylov solvers for required inversions in each split step, and is iterated upon in a Gauss—Seidel manner to achieve
some degree of nonlinear consistency. However, for large implicit time steps, large numerical errors are reported to be pos-
sible with this algorithm in transient calculations unless enough nonlinear iterations are taken [16]. In [8,7], incomplete-LU-
preconditioned Krylov methods are employed to invert the linearly implicit (and also implicit-explicit) set of MHD equations
in the context of the Versatile Advection Code. CPU speedups vs. explicit of ~40 are reported [7]. An unpreconditioned New-
ton-Krylov solver for 3D compressible MHD is explored in [21], which also reports order-of-magnitude speedups vs. explicit
approaches for fine enough grids. More recently, the same researchers have developed an “operator-based” parallel precon-
ditioner for 3D MHD, based on directional splitting of the implicit-operator followed by a characteristic decomposition of the
resulting directional PDE operators [27]. The work in [22] explores a Newton-Krylov-Schwarz parallel approach for the re-
duced Hall MHD model, where gains of an order-of-magnitude with respect to explicit approaches and good parallel scala-
bility are reported. Finally, [23-26] develop optimal “physics-based” preconditioning strategies for a fully-implicit Newton-
Krylov treatment of 2D and 3D extended MHD, and report excellent parallel scalability and algorithmic speedups ranging
from one to two orders-of-magnitude.

In the specific context of stabilized finite element methods used for spatial discretizations for MHD, Salah et al. [28] devel-
oped a formulation for the constant resistivity magnetic induction equation with a given velocity field. They use a Lagrange
multiplier to enforce the solenoidal constraint on the magnetic field, B and thus develop a system with four unknowns, the
three components of B and the Lagrange multiplier, r. This system requires compatible spaces for B and r that respect the
Ladyzhenskaya-Babuska-Brezzi (LLB) condition, that is analogous to the velocity and pressure spaces (v,p) in the Stokes flow
system (see e.g. [29,30]). An inconsistent stabilized formulation [31] following Brezzi and Pitkaranta [32] is used to allow
equal-order interpolation for B and r. These methods were subsequently extended to an incompressible, constant resistivity
MHD system, with both a Lagrange multiplier formulation for B as described above, and a vector potential formulation [33].
The solution of the resistive MHD system in [28,33] uses an outer decoupled nonlinear solution strategy. This decoupled
strategy solves the flow and magnetics system separately in each sub-step and couples the system by the outer iteration that
can sub-cycle the component solves. An ILU-preconditioned Newton-Krylov type solver is used for the flow equations and a
direct sparse solver is used for the linear magnetics equation. Codina and Silva [34] developed a stabilized FE formulation for
resistive MHD, in the curl form of the equations with constant properties, and develop stability parameters that handle the
velocity-pressure coupling, the solenoidal constraint by a Lagrange multiplier method, and streamline upwind Petrov-
Galerkin (SUPG) like terms that control oscillation due to convection effects. A fixed-point nonlinear solution is employed
to resolve the nonlinearities and no mention is made of the component linear solver(s) that are used. These authors present
a coercivity result for the system that enables development of the stabilization parameters. Other studies of stabilized FE
methods applied to resistive MHD systems include Gerbeau [35], who considered the coercivity of a stabilized FE formula-
tion for steady-state systems and employed a fixed-point (Picard) type nonlinear solution strategy, and Lankalapalli et al.
[36], who developed a vorticity-streamfunction vector potential formulation that uses a SUPG FE discretization and a
fixed-point nonlinear solver with a GMRES iterative method.

The current study complements previous work by providing a robust, efficient, fully-coupled stabilized FE formulation for
resistive MHD with solution methods that enable both fully-implicit transient and direct-to-steady-state solutions. Our solu-
tion method relies on inexact Newton-Krylov methods [37,38] to solve the resulting large-scale nonlinear algebraic systems.
For preconditioning, we compare well-known variable-overlap, additive, one-level Schwarz domain-decomposition methods
[39] with a relatively new algebraic multilevel technique employing a graph-based aggressive-coarsening aggregation meth-
od applied to the nonzero block structure of the Jacobian matrix [40,41]. The algebraic multilevel method effectively uses
corrections that are computed by a sequence of coarse operators to accelerate the convergence of the iterative Krylov meth-
od on the fine mesh. Employing a multilevel preconditioner is intended to enable the development of scalable solution meth-
ods for MHD.
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In this study, we focus on a 2D incompressible resistive MHD formulation with an associated internal energy equation.
This formulation is suitable for high-Lundquist number reduced MHD models [42-44] as well as low-magnetic Reynolds
number liquid metal MHD [45,46]. As in standard reduced MHD, the magnetic field dynamics is described in terms of a single
component of the vector potential (which is also the magnetic flux function). Unlike standard reduced MHD, however, we
choose to describe the flow in primitive variables and solve directly for the flow velocity-vector and pressure. We discretize
the resulting MHD system using a simplified form of a consistently stabilized FE method [31], based on the general approach
of Hughes et al. (see [47] and references therein). The stabilized formulation circumvents the LBB condition for a compatible
discretization of the saddle-point problem arising from discretization of the incompressible MHD equations using mixed fi-
nite element formulations. In particular, the stabilized FE formulation allows for equal-order interpolation of the incom-
pressible MHD equations while avoiding spurious pressure modes and reducing oscillations for convection-dominated
problems. In the current context of incompressible resistive MHD systems, an additional benefit of stabilized FE is the
use of equal-order interpolation for all quantities. This simplifies the data structures of the parallel unstructured FE code,
and the linear algebra interface for the iterative solution methods that are employed.

The remainder of this paper is organized as follows. Section 2 presents our formulation of the resistive reduced MHD
model. The stabilized FE formulation of the governing 2D resistive MHD equations is presented in Section 3. In Section 4
a brief overview of the fully-implicit Newton-Krylov solution method is presented with a discussion of the domain decom-
position and multilevel preconditioners. Section 5 presents representative order-of-accuracy verification studies and perfor-
mance, scaling and simulation results for some illustrative resistive MHD problems. Most of these problems are formulated
in the low-Hartmann number regime, as our solution method is optimal for parabolic and elliptic problems. However, as dis-
cussed earlier, MHD becomes truly multiscale in the high-Lundquist number regime. For this reason, we have also included
in this study a high-Lundquist number test, the island coalescence problem. Future work will explore the implementation of
physics-based preconditioning ideas to deal with the strongly hyperbolic MHD regime [23-26]. In physics-based precondi-
tioning, the hyperbolic MHD system is effectively parabolized by a block factorization, thus rendering the associated systems
amenable to the algebraic multigrid iterative technology demonstrated in the present study. Finally, Section 6 closes with a
few conclusions.

2. Reduced MHD model equations

Our base MHD model is the one-fluid visco-resistive MHD system [1]. This model provides a continuum description of
charged fluids in the presence of electromagnetic fields. Formally, visco-resistive MHD augments the Navier-Stokes fluid
description with a Lorentz force term J x B in the momentum equation and a Joule heating source term #|[J|| in the specific
internal energy equation. The system is closed with Faraday’s law, Ampere’s law, and the solenoidal constraint for the mag-
netic field. The resulting system of equations is:

a(aptv)+v-[pv®va]fJxB*f<T>=°’ .
%—’?Jrv-[ﬂv]:ov .
a(gf)+v~[pve+q] ~T:Vv—mqlJJ* =0, N
9B n -

ot VX(VXBHVX(%VXB) o .

Here v is the plasma velocity; p is the ion mass density; T is the stress tensor; B is the magnetic field; T is the plasma
temperature; J = HLOV x B is the current density; f is a body force term that we have allowed to vary with temperature
(as in our example of thermal buoyancy driven flow in Section 5.2); e is the plasma specific internal energy; # is the resis-
tivity; and po is the magnetic permeability of free space. In its simplest form, the MHD equations are closed with simple con-
stitutive equations for the stress tensor, T, and the heat flux q,

TZ*P”H:*<P+§ﬂ(V~V))I+H[Vv+VvTL (5)
q=—VT )

and a caloric equation of state, e = C»T. Here, Pis the plasma pressure, IT is the viscous stress tensor, I is an identity tensor, u
is the plasma viscosity, y is the thermal conductivity, and Cp is the specific heat at constant pressure.

For the purposes of this study, we focus on a 2D geometry in the incompressible limit (V - v = 0). This limit is useful in the
modeling of various applications such as low-Lundquist number liquid—-metal MHD flows [45,46], and high-Lundquist num-
ber, large-guide-field fusion plasmas [42-44]. In the 2D incompressible regime, it can be shown that the in-plane and out-of-
plane dynamics decouple (i.e., B, ©,, with z the ignorable direction, do not impact the evolution of the system in the x — y
plane). As a result, the system in (1)-(4) simplifies considerably, as it can be expressed in terms of a few scalar quantities
like the vorticity component in the ignorable direction, the in-plane streamfunction, and the poloidal flux (or, alternatively,
the vector potential component in the ignorable direction) [42-44]. For our implementation, however, it is of interest to keep
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a primitive description of the fluid flow, and to enforce the incompressibility constraint explicitly (as is often done in the CFD
community [see [47] and references therein]). Thus, we preserve a 2D form of (1), and we replace the continuity Eq. (2) by
V.-v=0.

In regards to the magnetic field evolution equation, we replace (4) by an evolution equation for the vector potential com-
ponent in the ignorable direction, A =(0,0,A;), which reads:

8—'L‘“rv-VAz—ivaerEg’:0. (7)
ot Ho

This equation is completely equivalent to (4) in two dimensions, but exhibits a standard convection diffusion form that is
more convenient for developing stabilized FE formulations.

Satisfying the solenoidal involution V - B = 0 in the discrete representation to machine precision is a topic of considerable
current interest in both structured and unstructured finite-volume and unstructured finite-element contexts (see e.g.
[6,48,49]). It should be noted that the discrete FE representation of (7), despite describing the vector potential dynamics,
does not automatically enforce the solenoidal constraint. In the case of linear nodal elements in 2D, this property can be
shown to hold on element interiors. However the non-continuity of the normal derivatives at element edges in a C° FE
approximation allows violation of this condition on the skeleton of the FE mesh, which is a set of measure zero. This implies
that the divergence condition holds point-wise on element interiors and in an L, sense over any finite sub-region of the do-
main. In addition, it can be shown that at element edges B - i is continuous, a condition that is also required on any surface in
the continuous problem [50].

Finally, the desire to use low-order FE basis functions for the vector potential necessitates the consideration of the rep-
resentation of the Lorentz force term in the momentum equation and the Joule heating term in the energy equation. In the
context of the momentum equation, as presented in (1), the straightforward use of the vector potential term yields a second
order operator ] x B = (iv x V x A) x (V x A). Due to the nonlinear nature of the term and the higher order derivatives on J
this term is difficult to integrate by parts to sufficiently reduce the order of the weak form operator. This same issue is pres-
ent in our 2D formulation, where we now have J, = — J—OVZAZ. To avoid this difficulty, an alternate divergence form (obtained
using V - B =0) is employed to compute the Lorentz force as

1 1 o2
xB=V-|—BeB--—|B|’l|. 8
J ™ 711, 1Bl (8)

However, such a reformulation is not possible for the Joule heating source term in the specific internal energy (3). Pres-
ently, this term is approximated by computing the curl of a field, B that is obtained from an L, projection of the piecewise
discontinuous approximation obtained from B=V x A.

3. A stabilized finite element formulation for 2D resistive MHD

Table 1 presents the governing equations, for momentum, total mass, temperature, and vector potential in residual nota-
tion. The continuous PDE problem, defined by the 2D resistive MHD equations in Table 1, is approximated by a stabilized FE
formulation. This formulation allows for stable equal-order velocity-pressure interpolation and provides for convection sta-
bilization, as described below.

We employ stabilized FE methods to avoid stability and algorithmic limitations of mixed Galerkin FE formulations. In par-
ticular, in a mixed Galerkin FE formulation of the momentum-continuity equations of the Navier-Stokes part of the MHD
system, there is a stability requirement that the discrete spaces satisfy the Ladyzhenskaya-Babuska-Brezzi (LBB) stability
condition (see e.g. [29,30]). This condition prevents the use of equal-order finite element spaces, defined with respect to
the same partition of the computational domain in finite elements. In addition the linearization of the nonlinear mixed
Galerkin FE formulation also leads to indefinite linear systems, which are more difficult to solve by iterative methods (see
the Appendix-Section A.2). Finally, an additional difficulty is that the mixed Galerkin formulation is prone to instabilities
for highly convected flows, even if the LBB condition is satisfied by the finite element spaces.

Consistently stabilized' finite element methods for Navier-Stokes address the issues above by using a combination of
properly weighted residuals of the governing balance equations. These methods simultaneously relax the incompressibility con-
straint and add streamline-diffusion (and sometimes nonlinear discontinuity-capturing-type operators) to the weak equations
to limit oscillations in highly convected flows [51,52]. The specific stabilized FE formulations employed in this study are shown
in Table 2. The intrinsic-time-scale stability parameters (%, r, and 1,,) are based on the formulations of Hughes and Mallet
[53], Shakib [54], and Hughes [55] for Navier-Stokes with an adaptation of the stabilized formulation of Codina and Hernan-
dez-Silva [34] for a resistive MHD system. The definition of the stabilization parameters are provided in the Appendix in Table
8 for momentum, temperature, and the vector potential.

It should be noted that our stabilized FE formulation, as presented, has some caveats. Firstly, the definition of the least
squares operators is a simplification of proposed formulations for system advection-diffusion-type equations [53]. And sec-

T Consistent in the sense that the exact solution to the PDE equation satisfies the weak-form residual equations.
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Table 1

Residual form of governing resistive MHD equations with the 2D form of the vector potential evolution equation in
advection-diffusion form. The primitive variables are the velocity vector u, the hydrodynamic pressure P, the temperature T,
and the A, component of the vector potential in 2D. C, is the specific heat at constant pressure.

Momentum R = p&+p(V-VV) + V- (7‘%030937 I+ (P+ﬁHBH2)l) ~f
Total mass Rp=V.-v

Temperature Ry = p(Afp%I+ pCp(v-VT)+V-q -y

2D vector potential Eq. Ry = % +V-VA, — %VZAz + EB

B=V xA;A=(0,0,A;)

Table 2

Stabilized finite element formulation of transport/reaction PDEs, where the residual
equations R; are presented in Table 1 and the stabilization parameters 7; are defined
in the Appendix in Table 8. Here @ is a global weighting function used to formally
define the weak form. Here the sum )", indicates the integrals are taken only over
element interiors €2, and integration by parts is not performed.

Momentum Fni= [o PRnidQ+ 3, [ pTm(V-VO)Ry;dQ
Total mass Fp= [ ®RpdQ+ 3", [ PTmVP - RndQ
Temperature Fr = [ @RrdQ+ Y, [o, pCpir(V- V)R dQ
Z-component Fa, = [o PRa, dQ + 3=, [o T4, (V- VP)Rs, dQ

vector potential

ondly, it features no stabilization contribution for strong source terms, and no nonlinear discontinuity-capturing terms (see
[47] and references therein).

4. Fully-implicit fully-coupled solution by parallel Newton-Krylov methods
4.1. Fully-implicit time integration and direct-to-steady-state solutions

For stiff (multiple-time-scale) PDE systems such as MHD, fully-implicit methods are an attractive choice that can often
provide unconditionally-stable time integration techniques. These methods can be designed with various types of stability
properties that allow robust integration of multiple time-scale systems without the requirement to resolve the stiff modes of
the system (which are not of interest since they do not control the accuracy of time integration [2]). In this study we employ
a second-order A-stable implicit midpoint rule [2].

The result of a fully-implicit and direct-to-steady-state solution technique is the development of very large-scale, coupled
highly nonlinear system(s) that must be solved. Therefore, these techniques place a heavy burden on both the nonlinear and
linear solvers and require robust, scalable, and efficient nonlinear solution methods. In this study, Newton-based iterative
nonlinear solvers [56] are employed to solve the challenging nonlinear systems that result in this application. These solvers
can exhibit quadratic convergence rates independently of the problem size when sufficiently robust linear solvers are avail-
able. For the latter, we employ Krylov iterative techniques. A Newton-Krylov (NK) method [37] is an implementation of
Newton’s method in which a Krylov iterative solution technique is used to approximately solve the linear systems that
are generated at each step of Newton’s method. Specifically, to solve the nonlinear system F(U)=0, we seek a zero of
F:RN - RN where U € R is a current approximate solution. The Krylov iterative solver is applied to the linearized residual
equation

JiSei1 = —Fy, 9)

where Ji is the Jacobian matrix and Fy is the nonlinear residual, both of which are evaluated at the previous Newton step
solution Uy. The solution for the Newton direction vector, s;.1, is used to update the previous solution in the sequence as
Uj+1 = Ug + 0sy+1, where 0 is a step length reduction or backtracking parameter. Backtracking algorithms improve the robust-
ness of the nonlinear solver by scaling the Newton correction vector by the parameter, 0, chosen to ensure a sufficient reduc-
tion of the nonlinear residual before the step is accepted [56,57].

For efficiency, an inexact Newton method [58,59] is usually employed, whereby one approximately solves (9) by choosing
a forcing term #.1 and stopping the Krylov iteration when the inexact Newton condition

[ + JiSteall < M [[Eell, (10)

is satisfied. In general, nonlinear residual information is used to determine the forcing #.1. In our Newton’s method imple-
mentation, a constant value is used for #y.i.



7654 J.N. Shadid et al./Journal of Computational Physics 229 (2010) 7649-7671

In this study, the Jacobian matrix J, that is used for the Jacobian-vector products in the Krylov solvers, and as the basis for
computing the preconditioners described in Section 4.2, is developed from automatic differentiation (AD) techniques. These
methods are applied to the programmed functions representing the weak form residuals outlined in Table 2 by employing
the SACADO package from the Trilinos framework [60]. The specific form of this discrete system is discussed in the Appendix
in Section A.2, along with the impact of the block structure of the Jacobian and the implications for the design of solution
methods for this system of equations.

4.2. Schwarz domain decomposition and multilevel preconditioners

For the considered class of linear systems described above, convergence is not achieved without preconditioning due to
ill-conditioning in the underlying matrix equations [61]. In the current work, we consider Schwarz domain decomposition
preconditioners, where the basic idea is to decompose the computational domain €2 into overlapping subdomains €2; and
then assign each subdomain to a different processor [39]. One application of the algorithm consists of solving on subdomains
and then combining these local solutions to construct a global approximation throughout . The ith subdomain problem is
usually defined by enforcing homogeneous Dirichlet boundary conditions on the subdomain boundary, 9 ;. In the minimal
overlap case, the algebraic Schwarz method corresponds to block Jacobi where each block contains all degrees of freedom
(DOFs) residing within a given subdomain. Convergence is typically improved by introducing overlap, which can be done
recursively. Incomplete factorization, ILU(k), is employed to approximate the solution of the local Dirichlet problems and
avoid the large cost of direct factorization [61,62]. We note that the one-level preconditioner is black-box in that the over-
lapping subdomain matrices are constructed completely algebraically.

One possible drawback of the one-level Schwarz method is its locality. A single application of the algorithm transfers
information between neighboring sub-domains. This implies that many repeated applications are required to combine infor-
mation across the entire domain. Thus, as the number of subdomains increases, the convergence rate deteriorates for stan-
dard elliptic problems due to the lack of global coupling [39]. The convergence rate also deteriorates as the number of
unknowns per subdomain increases when ILU (k) is used for a subdomain solver. The results that we present in Section
5.2 will demonstrate such deterioration for the specific problems of interest in our study. To improve algorithmic perfor-
mance, coarse levels can be introduced to approximate global coupling [63,64]. The use of a coarse mesh to accelerate
the convergence of a one-level Schwarz preconditioner is similar in principle to the use of a sequence of coarser meshes
in multigrid methods [65].

In this paper, only algebraically generated coarse levels are considered. These are significantly easier to implement and
integrate with a complicated unstructured simulation than geometric coarse grids [63,66]. In particular, there is no need
to represent complex geometric features on all levels, e.g. faces, edges, and corners to define the domain boundary. There
is also no requirement to interact with the simulation’s geometric data structures. Most algebraic multigrid methods
(AMG) associate a graph with the matrix system being solved. Graph vertices correspond to matrix rows for scalar PDEs,
while for PDE systems it is natural to associate one vertex with each nodal block of unknowns, e.g. velocities and pressures
at a particular grid point. A graph edge exists between vertex i and j if there is a nonzero in the block matrix which cou-
ples i’s rows with j’s columns or j’s rows with i’s columns. In some situations, it may be advantageous to omit edges if all
entries within the coupling block are small [67]. In this study, METIS and ParMETIS [68] are used to group fine mesh ver-
tices into aggregates so that each aggregate effectively represents a coarse mesh vertex. These graph partitioning packages
subdivide the matrix graph so that each partition has no more nodes than a user supplied parameter and that each par-
tition is somewhat spherically shaped. This graph partitioning is then applied recursively until the user specified number
of levels has been achieved. Once the coarse mesh is determined, an initial grid transfer is constructed corresponding to
piecewise constant interpolation. The grid transfer matrix, P, contains only zeros and ones. In the scalar PDE case, P;
equals one only if the ith fine grid point has been assigned to the jth aggregate. Within a PDE system, the grid transfer
is a block system with an identity matrix for the (i,j)th block if the ith fine grid point has been assigned to the jth aggre-
gate. This initial grid transfer can then be improved by smoothing the corresponding basis functions [69,70]. In this study,
we employ a Petrov-Galerkin smoothed aggregation algorithm as implemented in the ML multilevel packages in Trilinos
and described in [71].

Finally we note that we orient the graph partitioning algorithm so that they generate somewhat larger aggregates than
those typically used in standard smoothed aggregation. This aggressive coarsening significantly reduces the number of un-
knowns between consecutive levels. This generally limits the total number of levels (<5) which we find better suited for par-
allel computations [40,72]. Addtionally, larger aggregates are consistent with using a sub-domain solver based on Schwarz/
ILU(k) which in the multigrid context corresponds to a somewhat heavyweight smoother (compared to Gauss-Seidel often
used in standard multigrid). That is, one can coarsen more aggressively when a more substantial smoother is employed. The
same ILU(k) algorithm is used as a smoother on each level and on the coarsest level the KLU [73,74] sparse direct solver is
employed.

The multilevel implementation described above is provided by ML [63,72]. ML has been employed successfully in a num-
ber of applications that include stabilized FE discretizations of Navier-Stokes and transport-reaction type systems
[75,66,41], as well as drift-diffusion systems for semi-conductor modeling [76]. Aztec, Ifpack, KLU, ML, KLU, and Zoltan
are available through the Trilinos framework [60].
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5. Results and discussion

In this study we present two general classes of results. The first class of results, presented in Section 5.1, are for assess-
ment of the accuracy and order-of-accuracy of the stabilized FE formulation described above by a comparison with analytic
solutions. The problems in this section include, (1) a flux expulsion problem that qualitatively evaluates the accuracy of the
FE formulation in solving the vector potential transport equation on a fully unstructured mesh; (2) a steady-state MHD duct
flow with strong coupling between the momentum and the Lorentz forces that provides a detailed assessment of the order-
of-accuracy of the solution and a discussion of the effectiveness of the SUPG convection stabilization; and (3) a transient
MHD Rayleigh flow and Alfvén wave propagation problem that allows evaluation of the space-time accuracy and order-
of-accuracy of the stabilized FE formulation.

The second class of results, presented in Section 5.2, are intended to present initial representative results for the robust-
ness, efficiency and scalability of the fully-coupled AMG preconditioned NK solution method described above. The problems
in this section include, (1) a MHD duct flow that models an idealized MHD Faraday pump and is used to study the scalability
of the solvers in the context of a direct-to-steady-sate solution method, (2) a classic MHD Hydromagnetic Rayleigh-Bernard
problem provides a test of the robustness of the direct-to-steady-state solver and also presents another comparison of the
accuracy of the formulation with an analytic linear stability result by Chandrasekhar, and (3) a transient magnetic island
coalescence problem, of recent scientific interest, for which we present initial results for the scalability of the solution
methods.

5.1. Representative verification and order-of-accuracy results

In this subsection, detailed numerical verification results are presented for a set of 2D resistive MHD problems that admit
analytic solutions. Two nonlinear convergence criteria are used to ensure that the numerical solution error is below discret-
ization error. The first is a sufficient reduction in the relative nonlinear residual norm, || F||/||Fo|| < 1072 In general, this
requirement is easily satisfied. The second convergence criterion is based on a sufficient decrease of a weighted norm of
the Newton update vector. The latter criterion requires that the correction, Ay¥, for any variable, y;, is small compared to
its magnitude, |y¥|, and is given by

2

1 & AX;“
N, ; L}r Ail + €a

where N, is the total number of unknowns, ¢, is the relative error tolerance between the variable correction and its magni-
tude, and ¢, is the absolute error tolerance of the variable correction, which sets the magnitude of components that are to be
considered to be numerically zero. In this study, the relative-error and absolute-error tolerance are 108 and 10~'° respec-
tively. Each linear system in Newton’s method is solved to a level of #=1075,

5.1.1. Flux expulsion problem

This problem admits an analytical solution, which is commonly used for verification of resistive MHD implementations
[77,33]. The problem consists of an infinitely long, rotating cylindrical conductor immersed in a conducting medium in a uni-
form magnetic field (Bo,0,0). The cylinder rotates with the velocity field v = (—wqy, ®x,0), where wyq is a constant rate of
rotation. The flow is zero, v = 0, outside the cylinder. The dependent variable is A = (0,0,A;,). The geometry is taken as a cyl-
inder of radius, ro = 0.2 within a computational domain Q =[-2,2] x [-1,1]. The analytic solution for the vector potential is
given, in terms of Bessel functions as:

A, = Im[Bof (r)e],
where

f(r)= r+%, r > Ty,

fry=DJ,(pr), r<ro

and
(1T =)k _ VRep
p - \/j ) kO - To )
C— 10[2)1(pro) — Profo(Pro)] D— 2
plo(pro) ' Jo(PTo)

The computational solution is produced on an unstructured mesh, a coarse example of which is presented in Fig. 1. The
boundary conditions on all edges of the computational domain are taken from the analytic solution. As the rotational rate is
increased in the conductor, the linear A, (uniform B,) field is distorted. At high rotation rates, the field is expelled from the
cylinder and the effects of diffusion modify the flux field in the region about the rotating conductor. Fig. 1 shows contours of
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Fig. 1. Flux expulsion verification problem. The top left figure shows a coarse computational unstructured mesh @ = [-1,1] x [-1,1] . The remaining

figures show filled-colour contour plots of numerical solution of A, for Re,, = 6, 12, 24, 48, 12288 from the top center image to the lower right image. Red
values are high and blue values are low in each image. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

A, as a function of the magnetic Reynolds number, Re,, = wor3/#. In this study, the resistivity # = 1.0 and the rotational rate,
wy, is selected to achieve the desired magnetic Reynolds number. The noisy solution for the highest Reynolds number case is
due to the highly convected flow being solved on a very coarse unstructured mesh. The SUPG-type stabilization does de-
crease the unphysical oscillations but it is not a monotonicity-preserving method. Section 5.1.2 presents a more careful study
of the effectiveness of the SUPG stabilization for controlling unphysical oscillations due to convection effects.

A comparison of the analytical solution for the flux expulsion problem with the numerical solution is provided in Fig. 2,
where A,(x,0) and A,(0,y) are shown in a region about the conductor. Fig. 3 presents the results for the post-processed vari-
ables B,(0,y), By(0,y) and J(0,y) computed on the 20K element unstructured mesh. There has been no significant optimiza-
tion of the mesh to resolve the highly localized induced magnetic field and plasma current internal layers near the rotating
inner cylinder. These comparisons indicate a very good agreement between the computed solutions and the exact analytical
solution of Moffat [77] on a reasonably coarse unstructured mesh.

5.1.2. A modified Hartmann flow vector potential problem
This problem also admits an analytical solution [45] which is often used for MHD verification [28,78]. In the classical
form, the solution is one-dimensional, with dependent variables (v,P,B). The geometry is taken as a square box with

" Flux Expulsion Problem Flux Expulsion Problem
1 0.1 )
iiE - Az(0,y) Analytic Rem = 6 — Az(x,0) Analytic Rem = 6
' = AZ(0,y) Rem = 6 Lo ﬂ * Az(x,0) Rem = 6
0.6 T _ Az(0,y) Analytic Rem = 96 0.06 — Az(x,0) Analytic Rem = 96
o | AZ(0,y) Ram = 96 - / Az(x,0) Rem = 96
— 0.2 7 ‘_.0.02 ;% L \
’-' 'f' [-) l‘ \
3 o N * o A .
= / - Y
< ,.-"’ < ' )

v
\ 7/
-0.08 V

T T d -0.1 T T T 1
V] 0.5 1 -1 -0.5 0 0.5 1
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Fig. 2. Flux expulsion verification problem. Figures show profiles of analytic solution of A,(0,y) (left) and A,(x,0) (right) along with numerically computed
solutions from the vector potential solution in Q =[-2,2] x [-1,1] with 20K unstructured quad elements. The red squares are for Re,, = 6 and the green
triangles are for the more highly convected case of Re,;, = 96, the black line is the analytic solution due to Moffat [77]. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Flux expulsion verification problem. Figures show profiles of analytic solution of B,(0,y) and B,(0,y) (left) along with J,(0,y) (right) along with
numerically computed solutions from the vector potential solution in Q=[-2,2] x [-1,1] with 20 K unstructured quad elements. The black line is the
analytic solution due to Moffat [77].

(x,y) € [-L,L] x [-L,L] with an assumed pressure gradient that drives the flow of £ = —G,. The analytic asymptotic solution
is of the form B = (By, By,0) and v = (#,0,0), where B, = B, is an applied external magnetic field whose tension retards the flow.
The solution is given by

o pGoHa {cosh(Ha) - cosh(yHa/L)}
TN:> sinh(Ha)

B — _ BoRen [sinh(yHa/L) - (y/L) sinh(Ha)}
*"  Ha cosh(Ha) — 1 ’

In vector potential form, the solution for the modified Hartmann problem reads:

Goy?  Go
A; = —Box — ——— + - [Ha cosh(yHa)csch(Ha)],
2By  Bo
and must be sustained by an external electric field with
E = Go [Ha coth(Ha) — 1].
Bo

In Fig. 4, plots of the spatial variation of the numerical solution for z, and A, are presented along with the post-processed
quantity B,. The 1D nature of 7, and B, are evident along with the 2D variation of the vector potential A,. The order-of-accu-
racy of the numerical formulation is computed by comparison with the analytic solution. As before, the analytic boundary
conditions are used on computational boundaries. In Fig. 5, profiles from the computed numerical solution are compared
with the analytic solution for z, and By at x = O for various values of Re = U(2L)/ v = Re,, = 14oU(2L)/n, where U is the maximum
x-direction velocity, and the Hartmann number is Ha = By(2L)/\/pVv7]. In this study, we have taken L=1, p=1, v=p=1,
Lo = 1. The values of G and By are then selected to produce the desired Reynolds and Hartmann numbers. Fig. 5 shows excel-
lent agreement with the analytical solution. Fig. 6 shows a detailed spatial convergence study for a mesh with spacing
Ax = Ay. The expected second-order accuracy for z, and A, which are interpolated with linear nodal elements, is confirmed
by these results. B,, which is computed by taking the curl of the vector potential and then reconstructed at the nodes by the a
lumped mass L, projection (as stated in Section 2), also shows second-order convergence. Formally, derivative quantities
computed from linear nodal basis functions are only first-order accurate. However, on a uniform mesh, the lumped mass
projection recovers a second-order accurate approximation, demonstrating super-convergence [79]. In general, super-con-
vergence behavior does not occur for fully-unstructured meshes.

Finally, we proceed to illustrate the effect of the convection stabilization by the SUPG-type terms for a strongly convecting
flow. The geometry is a rectangular channel with (x,y) € [0,5] x [—1,1]. A very coarse mesh of 10 x 20 elements is employed.
The inlet has velocity #(0,y) =V, with V5=100, 200, 400 and as above, we have taken L=1, p=1, v=y=1, o= 1. The
boundary conditions on A, consist of no-flux (natural) boundary conditions on the y = —1,1 boundaries, and A,(0,y) = -5
and A,(5,y) = 5. The outflow conditions on the momentum equation are taken as the surface integral terms that naturally
arise from integration by parts of the momentum equation in Table 1. In the surface integrals, the viscous stress is neglected
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-

Fig. 4. Modified Hartmann flow verification problem, Re = Re,, = 1 and Ha = 1. Figures show colour plots of spatial variation of numerical solution of #, (left),
A; (center), and By (right) to visualize the computed solution that corresponds to the analytic solution. Red values are high and blue values are low in each
image. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Modified Hartmann flow verification problem, Re = Re,,,. Figures show profiles of analytic solution of #, (left) and BoBy (right) along with numerically
computed solutions at x = 0.0 from the vector potential solution.

Convergence of Vector Potential Formulation
Modified Hartmann Problem (Ha = 1.0, Re = 1.0, Rem = 1.0)
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Fig. 6. Modified Hartmann flow verification problem, Re = Re,,. Figure shows L1 relative error of the computed numerical solution for z, A, and the derived
quantity B, from the vector potential solution. The relative error is computed point-wise to the exact solution.
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Fig. 7. Test of the SUPG-type stabilization of convective effects. Figures show profiles of A, (left) and v, (right). The Hartmann number for this case is 4. Note
that in the left figure the SUPG results are indistinguishable for all Re,,.

(a standard traction-free outflow boundary condition assumption), and the magnetic stress and fluid pressure are integrated
values that are computed just inside the exit boundary. These approximate outflow boundary conditions attempt to truncate
the domain while still providing a reasonable test of SUPG’s ability to control oscillations in the presence of strong convect-
ing flows on coarse meshes. For a cell based Re® = UAx/v = Re;, = t,UAx/n > 1, the Galerkin discretization can become
unstable and produce oscillations. Fig. 7 clearly illustrates such nonphysical behavior for large flows. As expected, the SUPG
stabilization helps to control and localize these oscillations. Note that, for large velocities, the Dirichlet condition at x = 5 re-
sults in a very sharp flow boundary layer. This layer is not a numerical artifact, and in fact demonstrates the SUPG discret-
ization is adequately capturing the physics. While there still appears to be some very slight outflow boundary condition
effects, seen in the velocity profile for the stabilized case at the last two points, this most likely is due to the use of an inac-
curate lumped mass projection to recover the high-order derivatives that are used to reconstruct terms in the PDE residual
for the stabilized formulation. This approximate projection technique has problems at boundaries. A consistent mass projec-
tion is being explored.

5.1.3. MHD rayleigh flow and alfvén wave propagation problem

This prototype problem also features an analytical solution [45] which has been used for MHD verification [28]. In the
classical form, this is a 1D transient problem that has an infinite plate bounding a conducting fluid in a semi-infinite domain
above y = 0. There is an externally applied magnetic field in the y-direction with magnitude By. The plate is initially at rest
and then is suddenly set in motion with a velocity #, = U. A viscous boundary layer flow is developed where the velocity pro-
file is modified from the classical Rayleigh flow profile [80] by the existence of the magnetic field. As the velocity profile is
developed, a self-induced magnetic field in the x-direction, B,, is developed and an Alfvén wave with velocity Ay = B/ /ITop
propagates into the fluid. In the numerical solution, the infinite half-space is approximated as a square box with
(x,¥) €10,5] x [0,5]. For the case where the magnetic Prandtl number Pr,, = v/ = 1, the analytic asymptotic solution is of
the form B = (B,,Bo,0) and v = (7,0,0), and is given by

[ (-en(5)) - )|+ 2 [ (- (5) - (Gu) +
vw=-Ule 1—erf —erf +-Uled(1—erf —erf +2
4[d< <2dt avae )| a0 2/dt 2Vt

1 oy Aoy y — Aot Aoy Aot +y
B,=—-¢ —1+ead)Uy erfc( > +e erfc(—>>.
¢ ( F)uvi ( i) S 2Vt

In terms of the vector potential, the solution (v,P,A,) reads:

A, = —Box + uvdtypip (e’—(yfffr” —e - ) +% —V:p (d +A(2)t) (erf (A"t 7y> —erf (Aot +y>>
0

2V7m 2Vdt 2Vdt
U JIp -ty Aoy y — Aot U /ip Aoy Aot +y
_ZA—oed <d+Aoeay>erfc(2\/&>—Z A, de@ — Agy |erfc vt )’

and must be sustained by an external electric field with Ey = %Y.

The parameters in this problem are taken as in [28] to be U=1.0m/s, By=1.4494e % kg/s’A, p=0.4e*kg/m>
Uo =1.256636e % kg m/s®> A% #=1.256636 e ®kgm?/ s>A% and u=04 e “*kg/m s with d=#/ po=p/p=1. The initial
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Fig. 8. Modified Rayleigh flow and Alfvén wave verification problem. Figures show plots of x-velocity (left) and x-magnetic field (right). The mesh has
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Fig. 9. Modified Rayleigh flow and Alfvén wave verification problem. Figure shows plots of A,. The mesh has 50 x 250 elements and the time step is
5 x 10~* time units.

conditions and boundary conditions are defined by the analytical solution above. In Figs. 8 and 9, line plots of the analytic
and numerical solution for #,, and A,, as well as the post-processed quantity B,, are presented at various discrete times. In
these plots, the Hartmann layer in 2, near the plate surface at y = 0, and the plateau region influenced by the magnetic field
is evident. These figures show excellent agreement with the analytical solution. Fig. 10 shows a detailed spatial and temporal
order-of-accuracy study. It should be noted that the temporal accuracy computations displayed on the right begin at a
CFL =40 based on the Alfvén velocity. These results indicate that the second order in time method is already achieving
the expected order-of-accuracy. The expected second-order accuracy for z, and A, which are interpolated with linear nodal
elements, is confirmed by these results. Again, as in the last verification problem, the results for B, exhibit second-order
accuracy due to super-convergence. The figure also exhibits the expected order-of-accuracy for the backward Euler (BE, first
order) and Crank-Nicolson (mid-point, second order) temporal integration schemes.

5.2. Prototype resistive MHD problems and linear solver performance

This section briefly describes three prototype resistive MHD problems that are intended to challenge the stabilized FE 2D
vector potential formulation and the fully-implicit, fully-coupled solution methods presented in this paper. They are also
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Fig. 10. Order of-accuracy study for modified Rayleigh flow and Alfvén wave verification problem. A spatial convergence study for A,, , By, is shown on the
left with a comparison to second order reference lines for At =1.0 x 10~ The expected order-of-accuracy is obtained followed by a region where the error
begins to plateau as the temporal integration error begins to dominate. Figure on the right shows convergence of the computed numerical solution for the
backward Euler and midpoint rule time integrator for A x = 5.0 x 10~3. In the midpoint rule results, the error also begins to plateau as the error in the spatial
discretization begins to dominate at small time step sizes.

intended to assess the parallel performance (in a weak scaling sense) of these solution methods to very large problem sizes
on thousands of processors. One of the tests demonstrates the solvers in the large-Lundquist number regime.

The first problem is a steady-state MHD duct flow configuration representing an idealized Faraday conduction pump. The
MHD pump induces flow by the action of an applied magnetic and electric field. The second problem is a coupled thermal-
convection buoyancy-induced flow that is modulated by an externally applied magnetic field and produces internally gen-
erated fields. The corresponding linear stability problem is the classical hydromagnetic Rayleigh-Bernard problem. The final
example is a driven magnetic reconnection problem where a Fadeev magnetic field equilibrium [81], which features islands
embedded in a Harris current sheet, undergoes a transient reconfiguration of the magnetic field. The computational timing
results presented in this section were obtained on the Red Storm Cray XT3/4 computer at Sandia National Laboratories. The
Newton convergence criterion is specified in the discussion of each specific problem. In all these examples, the linear sys-
tems generated by Newton’s method have been left-scaled by a diagonal matrix that contains the inverse of the row sum
of absolute values of all entries in the row.

5.2.1. An Idealized MHD faraday pump

As an illustration of the parallel performance of the one-level additive Schwarz domain decomposition and multilevel
preconditioners, a weak scalability study is presented for a 2D idealized Faraday MHD conduction pump. This problem mod-
els an MHD pump that induces flow in a conducting fluid by applying an external magnetic field in the y-direction and an
electric field in the z-direction. The domain is €2 =[0,10] x [—1,1]. There are no-slip fluid velocity conditions applied on the
upper and lower surfaces with natural boundary conditions for the system applied at both the inlet and outlet of the domain.
On the lower and upper surfaces, a constant external magnetic field B = (0,B,,0) is applied by application of a linear variation
in A; in the x-direction in the range of x € [2.5,7.5], while outside of this range the magnetic field is zero. A constant electric
field, E? is applied in the z-direction. The interaction of these fields produces a Lorentz force that pulls fluid in from the x = 0
boundary with a parabolic profile, contorts the velocity field into a common “M” profile for these types of flows [82], and
then the flow exits with a parabolic profile (see Figs. 11 and 12). The simple geometry of this problem facilitates scalability
studies as different mesh sizes can be easily generated.

In our numerical study, we briefly consider the effect of ILU fill-in for the one-level preconditioner and the benefit of
employing multilevel methods with coarse operator solves as described above. The Krylov method is a non-restarted GMRES
technique. This choice eliminates the degradation of convergence that can occur from restarting of the GMRES iteration, and
allows the scalability of the preconditioners to be addressed. For the one-level DD preconditioner, an incomplete factoriza-
tion ILU (k) sub-domain solver was used with k = 1,3,7. For the 3-level preconditioner, the fine and medium meshes use an
ILU (1) smoother and the coarsest problem was solved by the KLU sparse direct solver. For this problem, the inexact Newton
forcing term is taken as #y+1 = 1074,

As an initial illustration of parallel efficiency, we consider the weak scaling of the one-level DD ILU preconditioner as pre-
sented in Table 3. In this study, the 16 processor case solves the problem on a 800 x 80 mesh. The weak scaling study keeps
the work per processor fixed as the problem size is increased. This study is for a low Re = Re,,, = 0.7 flow with Ha = 1. Fig. 13
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Fig. 11. Colour plots of spatial distribution of A, (upper left), velocity-vector magnitude (lower left), B, (upper right) and B, (lower right) for idealized
Faraday conduction MHD pump. The red colour is high and the blue colour is low for each variable. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 12. V, velocity profiles for the developing flow in an idealized Faraday MHD pump. The locations of the profiles are shown graphically in Fig. 11.

Table 3

Comparison of 1-level and 3-level PGSA method for MHD Faraday pump example problem. The 3-level non-smoothed aggregation method uses an aggregation
size of 80 and an ILU (1) smoother on the fine and medium meshes with the KLU direct solver on the coarsest problem. The table entry above for 136[9]
indicates the number of GMRES iterations followed by the number of Newton steps in brackets.

proc  Fine 1-level ILU (1) 1-level ILU (3) 1-level ILU (7) 3-level V (1,1)
Uil Avg. its./[Newt. Time Avg. its./Newt. Time Avg. its./[Newt. Time Avg. its./[Newt. Time
step (sec) step (sec) step (sec) step (sec)
16 256K 136 [9] 9.3 86 [8] 8.6 62 [9] 9.7 47 (8] 7.6
64 1M 313 [9] 22.8 198 [9] 15.1 154 [9] 148 80.1 [9] 93
256 4M 714 [11] 82.4 701.4 [11] 44.9 392 [8] 36.3 136 [9] 16.9
1024 16M 1583 [10] 318 1158 [12] 191 888 [10] 123 129 [10] 16.4
4096 64M 2667 [20] 750 1951 [16] 488 1766 [14] 429 147 [13] 31.9

graphically presents the parallel and algorithmic scaling of the one- and three-level preconditioners for the MHD Faraday
pump presented in Table 3. Fig. 13 (left) summarizes the results for the average iteration count per Newton step as a function
of problem size. As the number of unknowns, N (as well as the number of processors, P, in this scaled study), is increased, the
number of iterations to convergence for the one-level schemes increases significantly: roughly N'/ in two dimensions. Note
that an optimal convergence property, i.e., an iteration count independent of problem size, is roughly obtained for the 3-level
preconditioner. On the coarsest level, a serial sparse matrix direct solver, KLU, was used to factor the coarse matrix. Since the
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Fig. 13. Weak scaling results for MHD Faraday pump problem. Comparison of 1-level and 3-level PGSA method. The scaling of the average number of
iterations per Newton step (left) and the average CPU time per Newton step (right).

fine grid smoother is highly parallel and the fine grid work per processor is roughly constant, the cost of producing the coarse
grid problem and executing the direct solve (KLU) on the increasingly larger coarse grid causes an increase in the CPU time
for the larger problems. While this CPU time increase is non-optimal, the 3-level method remains significantly faster (a factor
of about 10-20x) than the corresponding one-level methods. The CPU time growth due to the coarse grid solve can be mit-
igated by using either approximate coarse grid methods (e.g. [64]) or more levels.

As a proof-of-capability of the multilevel preconditioner, we provide an initial demonstration of the solution of a very
large-scale problem on tens-of-thousands of processors. Specifically, a problem with 1.05 billion unknowns for the MHD
pump is solved on the Cray XT3/4 using 6,000 nodes with 4 cores per node for a total of 24,000 cores. For this problem size,
the one-level method cannot be applied. The details of this calculation are presented in Table 4. These results are very
encouraging. They indicate convergence of the Newton iteration in O(10) iterations and of the linear solver in O(100), values
that are not too far from the more complete weak scaling study of Table 3 that employes three levels and a larger aggregation
size of 80. Finally the ability of the multilevel preconditioned Newton-Krylov solver to scale to 1 + billion unknowns on
24,000 cores is an indication that the underlying solution strategy is reasonably robust and scalable for this low Re,, proto-
type problem.

5.2.2. A classical hydromagnetic rayleigh-bernard stability computation

This resistive MHD prototype problem consists of a buoyancy induced thermal convection flow that is modulated by the
existence of an externally applied magnetic field. It combines the classical Rayleigh-Bernard buoyancy induced thermal con-
vection flow problem with an externally applied B field. The magnetic field induces Maxwell stresses that add additional
stabilizing effects to the traditional damping provided by the viscous forces in Navier-Stokes. These coupled mechanisms
are, for example, critical components of large-scale geo-dynamo simulations that model the time dependent behavior of
the Earth’s magnetic field (e.g.[83,1]). This problem solves for the unknowns (v,P,T,A;) from the system outlined in Table
1 where the density variation is modeled by a Boussinesq approximation [83]. This approximation uses a constant density
in all the terms of the balance equations with the exception of the momentum equation source term. In this term, a linear
approximation is used with f(T) = pog + (T — Tp)g, where po and Ty are a reference density and a reference temperature
respectively, and g is the thermal expansion coefficient.

The rectangular domain for this problem is 2 =[0,10] x [0,1]. There are no-slip fluid velocity conditions applied on the
upper and lower surfaces with natural boundary conditions for the system applied at both the left and right boundary of the
domain. A temperature difference is maintained in the vertical direction by holding the lower surface to a high temperature
Ty and the upper surface at the lower temperature T that is separated by a distance d. This temperature difference
AT =(Ty — T¢) produces an unstable density stratification that interacts with gravity in the negative y-direction. In the clas-
sical Rayleigh-Bernard problem, flow is induced when the non-dimensional Rayleigh number, Ra = p? EpgﬂAch /(Wy), be-
comes sufficiently large to have buoyancy effects overwhelm the stabilizing viscous forces [83]. Here d is a characteristic
length scale aligned with the gravity vector. In the case of the hydromagnetic Rayleigh-Bernard (HMRB) problem, a stabi-
lizing constant external magnetic field B =(0,Bo,0) is applied by application of a linear variation in A, in the x-direction

Table 4
Details of 1.05 billion unknown MHD Faraday pump calculation. The simulation used a mesh of size 51,200 x 5120 with roughly 260M quad elements. The 4-
level multilevel PGSA preconditioner used an aggregation size of 45 at each level to produce the coarsened operators.

Cores Fine Mesh Level 0 Intermed. Level 1 Intermed. Level 2 Coarse Level 3 Newton Avg. No. Linear Its./ Total time
Unkns. Unkns. Unkns. Unkns. Its. Newton (min.)

24,000 1.05 billion 23.3M .5M 11.2K 18 86 33
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on the lower and upper surfaces. For a thermal convecting flow at fixed Rayleigh number, convective flow will be damped
when the non-dimensional magnetic field strength is increased beyond a critical Chandrasekhar number, Q = Ha®. Beyond
this limit, the Maxwell stresses existing in the curved magnetic field lines shut down the convective cellular flow. A typical
stable nonlinear solution where cellular flow and fields exist is presented in Fig. 14.

As an example of the robustness and efficiency of the fully-coupled multi-level preconditioned NK solution technology,
we present the results in Fig. 15 for convergence of the nonlinear Newton iteration (left image) and the preconditioned Kry-
lov linear solver (right image). In this study we have taken p = v =y, = Ep =d = y = p =1 with the Ra set by adjusting AT
and Q set by By. The convergence of the outer fully-coupled nonlinear Newton solver in Fig. 15 (left) indicates that, as the
Chandrasekhar number increases, the nonlinearity of the problem increases and the convergence of the nonlinear iteration
becomes more difficult. Without the use of backtracking techniques [57], convergence is not obtained past Q = 4. Beyond
Q =11, a direct-to-steady-state solution was not obtained and the use of continuation and/or transient solution methods
would need to be considered if a direct-to-steady-state solution is required for larger Chandrasekhar numbers. In the context
of the linear solver convergence, Fig. 15 (right) indicates that the multilevel preconditioned Krylov method converges sub-
stantially faster to the solution in the first two Newton steps. In addition, the ability of the 3-level methods to provide a suf-
ficient linear residual decrease in the sub-problems for Newton’s method allows for a more robust iterative nonlinear solver.
This is indicated in Table 5 for the hydromagnetic Rayleigh-Bernard problem. Note that the one-level DD preconditioner
failed to solve this problem in less than 40 Newton steps. For this case, the linear solver failed to reach its convergence cri-
terion of # = 102 in 2000 iterations for 36 out of the 40 Newton steps. We have seen many such examples where a direct-to-
steady-state nonlinear calculation fails for very ill-conditioned large linear systems when an ineffective preconditioner

Fig. 14. Colour plots for the hydromagnetic Rayleigh-Bernard stability type calculation. The images show the stable nonlinear flow and fields at Ra = 2500
and Q =9 for temperature (upper left), V, (center left), V, (lower left), and J, with the magnetic field vectors (upper right), B, (center right), and By (lower
right). At Q = 9 the critical Rayleigh number is ~1922. The red values are high and blue values are low in each image. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 15. Hydromagnetic Rayleigh-Bernard problem. A convergence plot of the nonlinear scaled norm in Newton’s method with the 3-level ML PGSA
preconditioner (left) and the linear scaled norm in non-restarted GMRES for DD and ML preconditioner (right).
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Table 5
Comparison of convergence for the 1-level and 3-level PGSA multilevel preconditioner for Hydromagnetic Rayleigh-Bernard problem. *The 1 level DD
preconditioner failed to solve this problem in less than 40 Newton steps.

Proc  Fine grid Fine grid 1-level ILU 3-level V (1,1) ILU-ILU-KLU
size el Avg. its./Newt.  Total time Medium unkns.  Coarse unkns.  Avg. its./Newt.  Total time
step (sec) size size step (sec)
2048 500 x 5000 12.5M 1910 [40] >7200* 412,450 13,745 115 [17] 226
Table 6

Comparison of the computed critical Rayleigh number, Ra*, by a computational linear stability eigenvalue
analysis with theory, Ra, from Chandrasekhar [83]. The mesh is a rectangular 200 x 2000 mesh.

Q Ra* Ra., [Chandrasekhar [83]] % Error
0 1707.77 1707.8 0.002
10! 1945.78 1945.9 0.006
10? 3756.68 3757.4 0.02

causes the iterative linear solver to converge too slowly to be practical, or does not converge at all. For this reason, effective
scalable preconditioners, such as the multilevel preconditioner described in this study, are not only required for efficiency
but also often for robustness in solving very large-scale problems.

As an additional verification of the accuracy of the resistive MHD formulation presented above, we present a comparison
of the computed critical Rayleigh number from simulation, and the theoretical value in Chandrasekhar [83]. In this study, a
computational eigenvalue analysis of the linear stability problem is computed as in [66] with the results summarized in
Table 6, where the accuracy of the formulation is clearly apparent.

It should be noted that by employing the direct-to-steady-state solution capability based on Newton-Krylov-type tech-
niques as presented in this study, additional advanced solution methods such as parameter continuation, bifurcation track-
ing, and automated linear stability analysis algorithms can be effectively developed to analyze the complex nonlinear
solution spaces for the HMRB problem.

5.2.3. A transient simulation of driven magnetic reconnection: Island coalescence

As a final test, the numerical and computational performance of the implicit stabilized FE resistive MHD formulation pre-
sented here is applied to a driven magnetic reconnection example, the island coalescence problem. This is an example of a
current, scientifically relevant, and computationally challenging application of resistive MHD. Unlike earlier examples in this
study, this problem explores the moderately-high Lundquist number regime, in which the MHD equations are dominated
more by hyperbolic couplings. Accordingly, we do not expect our current preconditioning approach, which is tailored to par-
abolic and elliptic PDEs, to perform optimally. Nevertheless, the solver has demonstrated to be reasonably robust, even in
this regime. We believe that improving on these results will require the implementation of physics-based preconditioning
ideas, as proposed in [23-25].

Magnetic reconnection is a fundamental process whereby a sheared magnetic field is topologically altered via some dis-
sipation mechanism, resulting in a rapid conversion of magnetic field energy into plasma energy and significant plasma
transport. Magnetic reconnection dominates the energetics and dynamics of many space and laboratory plasmas, and is
at the root of explosive phenomena such as solar flares, coronal mass ejections, plasmoid ejection from the Earth’s magneto-
tail, and major disruptions in magnetic fusion energy (MFE) experiments [84]. However, plasmas in all the above-mentioned
cases are known to have very small electrical resistivities, which cannot explain the observed reconnection timescales. This
theoretical conundrum has drawn significant attention of the theoretical and numerical simulation plasma physics commu-
nity for the last 50 years [84].

The computational challenges of studying magnetic reconnection phenomena are many. The presence of such small resis-
tivities implies the formation of very thin current sheets, which need to be adequately resolved to capture the phenomena
accurately. Temporally, time-scales for magnetic energy build-up and release scale like a power of the Lundquist number
(reciprocal of the normalized resistivity), and are therefore very long compared to normal-mode time-scales. Therefore,
the problem is intrinsically multiscale in time and space. Addressing the spatial resolution aspect requires mesh adaptation,
while the temporal aspect is a textbook case for the use of implicit methods. Recently, the development of an efficient, im-
plicit resistive-MHD capability in a mapped, structured-mesh finite-volume context has led to new computational scientific
results that have verified the Sweet-Parker [84,85] asymptotic scaling of the reconnection rate in the very small resistivity
regime. The key to the computational verification of this regime is the ability to effectively time-integrate the multiple-time-
scale resistive MHD system [85].

The island coalescence equilibrium is described by the Fadeev solution [81], which features islands embedded in a Harris
current sheet. The structure of this equilibrium can be seen in the upper left plot of Fig. 16 with iso-lines of A,. The combined
magnetic field produced by the two magnetic islands produces Lorentz forces that pull the islands together, and at finite



resistivity the islands coalesce (join) to form one island. Fig. 16 shows three iso-line plots of A, and filled-colour contours of
the plasma current J, during the reconnection event. Clearly evident is the formation of the x-point between the islands (see
upper right image), the development of a thin current sheet at that same x-point location, and the movement of the center of
the islands (o-points) towards the x-point [84,85]. The dynamics of island coalescence changes as a function of resistivity. For
larger resistivities, the x- and o-points monotonically approach each other. For low-resistivities, fluid-plasma pressure builds
up as the islands approach and a sloshing or bouncing of the o-point position is encountered that leads to lower reconnection
rates (for more details on the physics see e.g. [84,86]). Next, a very brief description of the island coalescence setup is pre-
sented, with details provided in [85].

This problem solves for the unknowns (V,P,A;). The initial conditions for the island coalescence problem consists of zero
fluid velocities (v° = 0), and a Fadeev magnetic equilibrium [81]. The description of this problem is in terms of the magnetic
vector potential. The initial conditions, A2, and the resulting balancing plasma fluid pressure, P° are given by

A%(x,y,0) = oln {cosh (%) + €cos (g)]7 (11)

P°(x,y,0) = Py + 1€ , (12)
i 2[cosh (%) + ecos (g)]2

where 6 = 1/(27) and Py = 1.0. To assure that the initial condition is a resistive equilibrium, an external applied electric field in
the z-direction, E°, of the form

» Lz

ES (x7
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Fig. 17. Left: time history of the reconnection rate at the x-point in the island coalescence problem for various resistivities. Oscillations in the reconnection
rate are evident for lower resistivities as a consequence of the sloshing of magnetic islands. Right: peak resistive magnetic reconnection rate for the island
coalescence problem. Graph includes data for stabilized FE formulation and a comparison to FV resistive MHD data from Knoll and Chacon [85].

Fig. 18. Detail of unstructured mesh for island coalescence problem. This image also has iso-lines of A, represented at time t = 9.0.

Table 7

Weak scaling of the block AMG preconditioned Newton-Krylov solver for the stabilized resistive MHD formulation on the island coalescence problem. The time
step is At =0.1 time units. The smoother in the Petrov-Galerkin smoothed aggregation method is an ILU (1) and it is a V (1,1) cycle. In this study the linear
solver convergence criteria is 10~ for each step of the Newton solver.

Procs Mesh Nunks Newton/At Gmres/Newton Time/Newton Gmres/At Time/At
1 64 x 64 16K 3.9 4.4 2.1 17.2 8.1
4 128 x 128 64K 4.6 5.8 2.6 26.7 119

16 256 x 256 0.25M 49 6.3 29 30.9 14.2

64 512 x 512 ™M 6.2 8.8 4.0 54.6 24.6

A preliminary study of the scaling for the multilevel preconditioner for the transient solution of the island coalescence
problem at a resistivity of # = 107> is presented in Table 7. Here, factoring out the increase in nonlinear iterations per time
step, the general block aggregation-based algebraic multilevel preconditioner appears to be reasonably effective at keeping
the growth in iterations per time step under control as the mesh size is increased. While the scaling of the multilevel pre-
conditioned Newton-Krylov method is not optimal with problem size, the increase in the number of linear iterations per
Newton step is gradual with the problem size, and represents a reasonable step towards a scalable algebraic multilevel
method.

6. Conclusions

This paper has presented a performance study of an unstructured fully-implicit stabilized FE formulation for 2D incom-
pressible reduced resistive MHD, both in regards to the accuracy of the discretization and the efficiency of the associated
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solver. The solution methods used in this formulation are based on a fully-coupled Newton-Krylov approach employing
algebraic multilevel preconditioners. The study includes verification and order-of-accuracy results, which confirm the ex-
pected convergence rates for the numerical representation. As an illustration of the robustness, scalability, and efficiency
of the solution techniques advocated in this paper, performance results have been presented for both low-Lundquist number
(MHD duct flow, a hydromagnetic Rayleigh-Bernard linear stability calculation), and moderately-high Lundquist number
(magnetic island coalescence) problems. The efficiency and scalability results of this study are very encouraging, and under-
score the robustness of the fully-coupled Newton-Krylov nonlinear solver. In particular, the results clearly demonstrate the
improved convergence properties of block aggressive coarsening, fully-coupled parallel multilevel preconditioners over
more standard parallel additive-Schwarz domain-decomposition methods. Future work will focus on the implementation
of physics-based preconditioning ideas to deal more effectively with the large Lundquist number regime, and the extension
of this work to a full 3D compressible resistive MHD model.
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Appendix A
A.1. Stabilization parameters

The specific definition of the intrinsic-time-scale stability parameters are provided in Table 8 for momentum, thermal
energy, and the vector potential. The specific form of the intrinsic time-scales t’s are an adaptation of the quadratic form
by Shakib [54] for the Navier-Stokes equations and the Lorentz form stabilization operator from Codina and Hernandez-Silva
[34] for a resistive MHD system. In the form by Shakib, the estimate of the inverse constant for linear nodal elements is taken
as C; =3 [54] for the diffusive operator. Additional forms for the intrinsic-time-scale stability parameters are discussed in
[47] and the references contained therein for Navier-Stokes. The contribution to the intrinsic-time-scale operator for the
Lorentz force term uses the same form as in [34] with C, = 10. We have run limited numerical studies with the choice of
C;=1-10and C, =5 — 20 as well as alternate forms for the Lorentz force intrinsic-time-scale operator contribution. The
results indicate negligible variation in problems for which we carry out order-of-accuracy studies. In all the examples in this
study, the most sensitive case was the island coalescence problem. This is not surprising since this problem has the least
amount of natural diffusion and uses a rather coarse nonuniform mesh of size 512 x 256. In our limited studies, for a resis-
tivity # = 10~ the results for the maximum of reconnection rate, ¥,, varied by < 0.75%.

It should be pointed out that the multidimensional effect of convection is incorporated into the stability parameters by
the use of the contravariant metric tensor, G. (Eq. (14)), of the transformation from local element coordinates {¢,} to physical
coordinates {x;}.

ij_ aCa a‘:x
6 = o (14)

Shakib [54] considers the one dimensional limiting case of this multidimensional definition for the advection-diffusion

equation and presents a comparison with the original SUPG technique.

A.2. Brief overview of discrete systems of equations

To give context to the discussion of solution methods and linear algebra techniques that we employ in the linear solution
methods above, we present a brief discussion of the structure of the equations that result from the FE discretization of the
weak form of the resistive MHD equations. In this discussion, the Newtonian stress tensor is expanded to include the

Table 8

Definition of stabilization parameters used in stabilized equations, which use the
contravarient metric tensor G, (Eq. (14)) to define an element-level streamwise length
scale. In this study C; =3 and G, = 10.

Momentum . 20\ 2 ) ) -3
tn = {(ﬁ) +PPVGV + CL 2 |Gel| + CZHBH\/HGCH]

Thermal energy 5 -1
1 [(2%") + (pCp)ZVGcV+ C%AZHGCH]

Z-component vector A
. Tp, = [(
potential

B +V6ev + CrPIIGe] |
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hydrodynamic pressure, P, and the viscous stress tensor term, I1. The resulting stabilized form of the total mass residual
equation in expanded form is given by

Fp= | ®|==+V-(pv)|dQ + TV - |p—+p(Vv-VV)+V.-[——BoB-II+ (P+-—|B|)I)|dR.
o= o+ -wmfdas s [ prve- [pFpv-vv) i (Pt 5y BIP)

(15)

This expansion includes the weak form of a Laplacian operator acting on pressure,

L= ; X PtV - VPAQ, (16)

which is produced by the stabilized formulation of the total mass conservation equation.

A finite element (FE) discretization of the stabilized equations gives rise to a system of coupled, nonlinear, non-symmetric
algebraic equations, the numerical solution of which can be very challenging. These equations are linearized using an inexact
form of Newton’s method as described in Section 4.1. A formal block matrix representation of these discrete linearized equa-
tions is given by

o bk @)

where the block diagonal contribution of the stabilization procedure has been highlighted by a specific ordering. In this rep-
resentation, the vector, u, contains the Newton updates to the nodal solution variables, (v, T, KZ), with the exception of the
nodal pressures, P'. The block matrix, K, corresponds to the combined discrete transient, convection, diffusion and stress
terms acting on the unknowns @’; the matrix, G, corresponds to the discrete gradient operator; D, the divergence operator;
and the matrix, L, corresponds to the discrete “pressure Laplacian” operator discussed above. The vectors F, and Fp contain
the right hand side residuals for Newton’s method. The existence of the nonzero matrix, L, in the stabilized FE discretization
is in contrast to Galerkin methods using mixed interpolation that produce a zero block on the total mass continuity diagonal.
The existence of the block matrix L helps to enable the solution of the linear systems with a number of algebraic and domain
decomposition type preconditioners that rely on non-pivoting ILU type factorization, or in some cases methods such as
Jacobi or Guass-Seidel as sub-domain solvers [87,64].

The difficulty of producing robust and efficient preconditioners for Galerkin (as well as centered finite difference and non-
staggered finite volume) formulations has motivated the use of many different types of decoupled solution methods. Often,
transient schemes combine semi-implicit methods with fractional-step (operator splitting) approaches or use fully-decou-
pled solution strategies. In these cases, the motivation is to reduce memory usage and to produce a simplified equation
set for which efficient solution strategies already exist. Unfortunately, these simplifications place significant limitations
on the broad applicability of these methods. For example, fractional-step methods such as pressure projection [88-90]
and operator splitting [91] require time step limitations based on the explicit part of the time integration process as well
as on the stability and accuracy associated with the decoupled physics [92-95]. This restriction can severely limit the step
size, and direct-to-steady-state simulations with these methods are not possible. Fully-decoupled solution strategies (e.g.,
the SIMPLE [96], SIMPLER [96], and PISO [97] class of methods) use a successive substitution (or Picard) iteration to simplify
the coupled systems of equations. Nonlinearities at each time step are resolved by an outer nonlinear iteration. Unfortu-
nately, while this technique should improve time step limitations, time steps are frequently reduced to facilitate the nonlin-
ear iteration. Convergence of these decoupled methods can often be problematic. In particular, the nonlinear iteration has
only a linear rate of convergence and in practice can often exhibit very slow convergence. In addition, since all the equations
have been decoupled artificially, this strategy can sometimes result in non-convergence for difficult problems in which the
essential coupling of the physics has been violated (see for example [98,99], and the references contained therein). A detailed
presentation of the characteristics of current solution methods is far beyond the scope of this brief overview. The intent of
our method of fully-coupling the resistive MHD PDEs in the nonlinear solver is to preserve the inherently strong coupling of
the physics with the goal to produce a more robust solution methodology. Preservation of this strong coupling, however,
places a significant burden on the linear solution procedure to solve the fully-coupled algebraic systems.

Finally it should be noted that in our actual linear algebra implementation we use a specific ordering of the unknowns
locally at each FE node with each degree of freedom ordered consecutively. A single coupled matrix problem, Js = —F, is
solved at each Newton step with sophisticated algebraic domain decomposition and multilevel preconditioned Krylov meth-
ods as described in Section 4.2.
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